Abstract. The equations of isothermal gas dynamics are studied in the limit when the sound speed vanishes, giving the so-called pressureless gas equations. The collision of two clouds of dust is modeled with these equations in the case where the clouds have finite extent and are surrounded by vacuum. The delta shock that arises in the initial stage of the collision evolves into a delta rarefaction-shock and then into a delta double-rarefaction as first one cloud and then the other is fully accreted into the singularity. A high-resolution finite volume method that captures this behavior is also presented and numerical results shown.
Introduction
In one space dimension the pressureless gas equations are
where ρ(x, t) is the dust density and u(x, t) the velocity. These equations and some aspects of their solutions have been extensively studied, e.g., [2] , [3] , [4] , [5] , [7] , [8] , [12] . The system (1) expresses the conservation of mass and momentum in the absense of pressure forces. It is not strictly hyperbolic and the Jacobian matrix is not diagonalizable. In order to derive meaningful single-valued weak solutions to these equations we will assume that the solution desired is the limit as a → 0 of the solution to the isothermal equations ρ t + (ρu) x = 0 (ρu) t + (ρu 2 + a 2 ρ) x = 0 (2) with a pressure given by the isothermal equation of state
A different equation of state (e.g., for isentropic flow) could equally well be used and a corresponding limit taken (as is done in [6] , for example). What is crucial for the analysis presented here (and most other analyses of (1)) is that by "pressureless" we really mean the limit as a parameter in the equation of state such as a in (3) vanishes. This is a singular limit since typically ρ → ∞ at some points in the solution, which then contains delta function singularities. The equation of state (3) is particularly simple to work with since the sound speed a is constant. The system (2) is strictly hyperbolic and has well understood weak solutions that may contain shock waves with finite jump discontinuities. As a → 0, however, shock waves in the two families may coalesce into "delta shocks" that consist of a finite jump coupled with delta function singularities in mass and momentum.
One case that has been extensively studied is the Riemann problem with data
with u l > u r . This can be viewed as modeling the collision of two semi-infinite clouds of dust from the moment of impact onwards. If this data is used for the isothermal equations (2) with a > 0 then two shock waves result from the collision with a state of elevated mass and momentum between. As a → 0 these two shocks coalesce into a delta shock whose dynamics are easy to determine, as reviewed in Section 2. The system (1) is sometimes said to model "sticky particles" (e.g., [5] ) rather than "pressureless dust" in order to reflect the fact that the colliding dust clouds cannot interpenetrate but instead the dust particles stick together to form a point mass of increasing magnitude at the delta shock. This is a reflection of our assumption that it is the a → 0 limit of vanishing pressure we desire. Other truly pressureless models might allow interpenetration of the clouds, a crossing of the characteristics (particle paths in this case), and multivalued solutions.
One goal of this paper is to extend previous delta shock analysis to cases where one or both of these dust clouds has finite length initially and is surrounded by vacuum. Then the delta shock eventually evolves into a "delta rarefaction-shock" or a "delta double-rarefaction", which are the limiting cases of rarefaction-shock and double-rarefaction solutions to the isothermal equations as described in Sections 3 and 4. An understanding of these solutions provides some additional insight into the structure of general solutions to (1) .
A second goal is to present an numerical method for solving (1) that robustly handles delta waves and vacuum states (Section 5) and can capture the exact solution derived in Section 4. As might be expected, delta shocks are captured more sharply than delta rarefactions.
This work was initially motivated by the study of dusty gas models in which a pressureless model for dust density and momentum is coupled to the Euler equations for a gas in which the dust is suspended. The two sets of equations are coupled through source terms modeling drag and heat transfer. This is a reasonable model for dilute dust concentrations but requires solving system (1) as one component of the solution. This is being explored further with M. Pelanti in the context of ash dispersal from volcanic eruptions.
Solution to the Riemann problem
We first review the well-known delta shock solution to the Riemann problem (4) . If u l < u r then the two dust clouds move apart with a vacuum state between. We are interested in the case u l > u r , in which case the solution has the form
where H(x) is the Heaviside function, δ(x) is the delta function, X(t) is the delta shock location, and D 1 (t), D 2 (t) are the mass and momentum concentrated at the delta shock, respectively. For the Riemann problem, the delta shock moves at constant velocity, X(t) =ût, wherê
with linearly increasing strength
One way to derive this result is by solving the Riemann problem for (2) with a > 0 and taking the limit a → 0. Alternatively, it can be derived directly from conservation of mass and momentum. The dust initially lying between −1 < x < 1 at t = 0 will be compressed to the interval −1 + u l t < x < 1 + u r t for small t > 0 with density ρ l for −1 + u l t < x <ût, density ρ r forût < x < 1 + u r t, and the concentrated mass D 1 (t) at some locationût. Conservation of mass gives
Solving for D 1 (t) and considering conservation of momentum in the same manner yields (7) . From these we can solve for the propagation speedû as the ratio of momentum to mass in the delta shock,
Using expressions (7) in this equation and solving forû yields (6) . Note that the expression (6) for the delta shock speed is what is called the "Roe-averaged velocity" in the theory of approximate Riemann solvers often used in numerical methods for gas dynamics. Roe [13] proposed approximating a nonlinear problem such as (2) by a linearized system
where the matrixÂ depends on the Riemann data and satisfies the condition
For system (2), the matrixÂ can be taken to be the Jacobian matrix for the nonlinear problem evaluated at densityρ = 1 2 (ρ l + ρ r ) and velocityû given by (6) , as shown in [9] , for example. The eigenvalues of this matrix areû ± a and the solution to this linear Riemann problem tends, as a → 0, to the same delta-shock solution as obtained from the nonlinear system. Matter accumulates in the delta shock at the correct rate for this to be true because Roe's condition (9) guarantees conservation. Since the Roe-averaged speedû is independent of a, it follows that this must be the speed of the delta-shock that is obtained in the limit a → 0.
Collision of a finite cloud with a semi-infinite cloud
Now consider the initial data
again with u l > u r . At time t = 0, a dust cloud of length w l collides with the semi-infinite cloud for x > 0. Initially a delta shock propagates as in the Riemann solution of Section 2, until the time
at which the left edge of the cloud propagating with speed u l reaches the delta shock (see Figure 1 ). At this point the entire left cloud has been accreted into the delta wave, which then continues to propagate into the semi-infinite cloud accreting additional mass and momentum. But now the accreted matter all comes from the slower moving right cloud and is no longer balanced by accretion of additional faster moving matter from the left cloud, and so the delta wave begins to decelerate. Let X(t) be the position of the propagating delta wave, with X(t) =ût for 0 ≤ t ≤ T . For t > T we can obtain an ODE for X(t) that reveals the dynamics. From Figure 1 we see that the total mass and momentum accreted into the delta wave by time t > T is Note that the Riemann problem discussed in the text starts at time t = 0 when the two clouds collide. The heavy line shows the delta shock (indicated by δS), the delta rarefaction-shock (δRS), and the delta double-rarefaction (δRR). Here T ≈ 1.21 and T 2 ≈ 4.25. and the delta wave velocity is given by the ratio
Solving this differential equation is simplified by introducing
so that W (t) = X (t) − u r . Using (13) and simplifying gives
with the initial condition
Solving this, we obtain
where
Note that X (t) > u r for all t > 0 but X (t) → u r as t → ∞. The speed of the propagating delta wave asymptotes to u r as additional matter with speed u r continues to be accreted. For t > T the delta wave has vacuum to the left and the cloud with density ρ r to the right. It is not simply a "delta shock" at this point. Going back to the isothermal equations, we find that the structure for a > 0 would consist of a thin region bounded by a 2-shock propagating into the semi-infinite cloud and a 1-rarefaction propagating into the vacuum state. The a → 0 limiting solution might be called a "delta rarefaction-shock" in this case, and is denoted by δRS in Figure 1 . If the cloud on the right were of finite extent instead of the cloud on the left, then a delta shock-rarefaction would arise once the right cloud is entirely accreted.
Collision of two finite clouds
If the right cloud also has finite extent w r initially with vacuum for x > w r , then eventually all of this matter will also be accreted into the delta function. This happens at time T 2 satisfying
from which we find that
For t > T 2 the solution simply consists of a delta function in vaccum that has accumulated all the matter, and hence has mass and momentum
The delta function now propagates at constant speed
If we consider the isothermal equations with a > 0, a thin zone with large mass and momentum surrounded by vacuum would result in two rarefaction waves, and so this structure might be called a "delta double-rarefaction", and is denoted by δRR in Figure 2 . Here we have assumed the cloud on the left is fully accreted before the cloud on the right. The opposite case can be handled similarly.
A numerical method
In order to solve the pressureless gas equations numerically, a variant of the high-resolution wavepropagation algorithm described in [10] , [11] is used that appears to work well in the presense of delta waves and vacuum states. This finite volume method for the system q t + f (q) x = 0 given by (1) takes the form
The numerical flux F i−1/2 is the Godunov flux at the interface x i−1/2 that results from solving the Riemann problem between states Q n i−1 and Q n i , as described below. The correction fluxF i−1/2 models terms needed to obtain second order accuracy on smooth solutions, with limiters added to avoid spurious oscillations.
The Godunov flux If u i−1 < 0 < u i then the dust is moving away from the interface at x i−1/2 on both sides, leaving vacuum between, and so
Otherwise, we computeû
and set
The caseû i−1/2 = 0 is special since a delta shock should be forming right at the interface x i−1/2 in this case, which is distributed between the two neighboring cells. The correction terms. When solving a strictly hyperbolic system of two conservation laws with two distinct waves in the Riemann solution, the correction flux is generally defined as
where s that come from solving the Riemann problem. These waves are defined in such a way that
See [10] , [11] for more details. For the pressureless gas equations the solution consists of two waves if u i−1 < u i (with vacuum state between) but only a single delta shock if u i−1 > u i . One numerical approach would be to replace the system (1) by the isothermal system (2) with some small value of a > 0. This gives a strictly hyperbolic system with two distinct waves in the Riemann solution. However, when u i−1 > u i the two waves will each have large amplitude and opposite sign, corresponding to a jump up from Q n i−1 to a large intermediate value (approximating the delta shock that forms in the a = 0 limit) followed by a large jump back down to state Q n i . When these large waves are used in the correction terms, poor results are typically obtained.
Better results are obtained by coalescing these two waves into a single wave with strength
except in the case u i−1 < 0 < u i , in which case the two distinct waves propagate in different directions. This suggests the following algorithm:
Otherwise, computeû i−1/2 by (22) and use:
Limiters are then applied to the waves in order to define the waves W p i−1/2 used in the correction terms. This method has been found to work well for test problems with data of the form considered in this paper, but does not work well for other test problems where the velocity u changes sign in regions where the density is smoothly varying. This is due to an inconsistency of the finite volume formulation of these equations near sonic points, as has also been observed with other methods (see [2] and [4] for some discussion and another numerical approach based on kinetic methods).
A variant of this algorithm has been found to be more robust and accurate in general. The correction terms are based on waves defined from splitting the flux difference f (Q n i )−f (Q n i−1 ) rather than splitting Q n i − Q n i−1 . This f-wave approach is developed in [1] and briefly discussed in [11] . In place of (24), the correction terms are defined bỹ
The algorithm for defining this splitting is exactly analogous to the one presented above:
ifû i−1/2 < 0 :
Limiters are then applied to these waves in the usual manner, by comparing each wave to the corresponding wave in the upwind direction. In order to minimize undershoots near vacuum states, a componentwise limiter has been used in which each component of the wave is limited by applying the minmod limiter to this wave and its upwind neighbor. Moreover, if the addition of the limited waves results in a value of the density ρ i in some cell being negative, then the waves W Vacuum states in the initial data were replaced by a density ρ = 10 −20 . Some negative undershoots are observed in the computation, and these values are replaced by this density ρ = 10 −20 , but for the test problem presented below these undershoots were on the order of −10 −25 or smaller. Figures 3 and 4 show numerical results obtained for a test problem of the form discussed in Section 4. The initial data is Two dust clouds of length 1 and 4 are initialized at time t = −1 and collide at time t = 0, as shown in the x-t plane in Figure 2 . Figures 3 and 4 show results at a sequence of 8 times. Note that the two clouds collide at time t = 0, the left cloud is fully accreted into the delta wave at time T ≈ 1.21 and the right cloud is fully accreted at time T 2 ≈ 4.25. The thick vertical line in plots for t > 0 indicates the true position of the delta wave, which is a delta function singularity. The numerical results give a smeared representation of this wave, but one that is located in the correct position. The figures have all been plotted on the same vertical scale with peak values of the computed density clipped near in the region of the delta functions. At times t = 0.5, 1.0, 1.5 there are only 2 grid values not shown and the peak density values were approximately 20.2, 44.0, and 58.2, respectively. The total mass is correct in each case since the method is conservative (except for the negligible errors due to resetting the negative densities at undershoots).
By time t = 3.5 the delta rarefaction-shock is becoming more smeared out on the rarefaction side. Five grid values have been clipped off in the zoomed view and the density peak is down to 51.6 at this time, even though the strength of the true delta wave has increased. The total mass is still correct but has been smeared over more grid points. By time t = 6 all the mass is concentrated in a single delta double-rarefaction which has been smeared over more points both to the left and the right. In addition to the points shown in the zoomed view, another 7 grid points have been clipped off and the peak density is 29.8.
Conclusions
The delta shock that arises in the Riemann solution for two colliding dust clouds evolves into a delta rarefaction-shock when one cloud has been fully accreted and then into a delta double-rarefaction when both clouds have been fully accreted. A numerical method has been presented and used to confirm the analytic expressions obtained in this paper and to illustrate the potential for computing such solutions numerically. The delta rarefaction-shock and delta double-rarefaction adjacent to vacuum states can be captured with this method, though not as sharply as a simple delta shock.
